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Objective

p-adic Hodge theory encompasses the landscape of cohomology theories designed to relate arith-

metic and geometry. Fontaine’s resolution of Grothendieck’s “mysterious functor” led to the con-

struction of foundational period rings, and recent advances — particularly through perfectoid spaces

and prismatic cohomology— reveal that the ringAinf functions as a categorical center throughwhich

both Fontaine’s classical framework and Scholze’s integral theory can be naturally interpreted. This

poster presents a reorganized perspective that places Ainf at the heart of these constructions, high-

lighting its unifying role and its capacity to refract various p-adic cohomologies through a coherent

categorical lens.

What is the Ainf ring?

Given a commutative ring A with unity, the tilt functor is defined via the following composition of

functors:

RNG Fp-Alg Perfp

A A/pA A[ := lim←−φ
A/pA

(−)[

Fp

Let Perfp be the full subcategory of Fp-Alg consisting of perfect algebras, i.e., those for which the

Frobenius morphism is an isomorphism, and let Strp be the category of p-adically complete rings whose

reductions modulo p are perfect Fp-algebras. Applying theWitt vector functor, we obtain the following

categorical equivalence:

Perfp Strp

W (−)

Fp

.

The associate Fontaine Ainf is defined as follows:

Ainf (A) := W (A[)

Integral Perfectoid Rings

Let A ∈ RNG, the category of commutative rings with unity. Then we construct the following

morphism, commonly referred to as the **theta morphism**:

Ainf (A) A

A[ A/pA

θ

π0

We say that A is perfectoid if

1. A is π-adically complete for some π ∈ S such that πq|p.
2. θ : Ainf (A)→ A is surjective.

3. ker θ = (ξ) is a principal ideal.

The idea is that perfectoid rings are precisely the rings so that θ is a 1-parameter pro-infinitesimal

deformations. We can think of it as deforming A in the ξ direction.

Example: Let K be a local field of characteristic zero. Then the ring of integers OCK
, where CK is

the completion of the algebraic closure of K , is a perfectoid ring.

Grothendieck’s mysterious functor

Sparked by Tate’s work on p-divisible groups, Grothendieck envisioned two worlds describing a single

reality: the Arithmetic “soul” (Galois theory) and the Geometric “body” (linear algebra). These worlds

held the same truth but spoke different languages, with no direct bridge to translate between them.

This missing link was his “Mysterious Functor”.

The Fontaine Period Rings

Let Ainf := Ainf (OCK
) be the Ainf ring associated to the perfectoid field CK . This ring serves as the

foundational object for constructing several Fontaine period rings, which play a central role in p-adic
Hodge theory:

1. The de Rham Period Ring B+
dR

: Define the morphism θ ⊗ 1K : Ainf ⊗OK
K → CK . Then the

filtered colimit

B+
dR := lim←−

n∈N
Ainf ⊗OK

K / ker(θ ⊗ 1K)n

defines the de Rham period ring. It admits a continuous Galois action and contains an element t
such that the principal ideal tB+

dR
is the unique maximal ideal.

2. The Crystalline Period Ring Bcris: Let A be the p-adic completion of the PD-envelope

Ainf [ξ2/2!, ξ3/3!, . . . , ξn/n!, . . . ]
The crystalline period ring is then given by the localization

Bcris := A

[1
p
,

1
t

]
.

3. The Semistable Period Ring Bst: Defined as the polynomial extension Bst[u], where u is an

indeterminate variable.

Fontaine’s Comparison Theorems

Let K be a local field of characteristic 0. We have the following comparison theorems:

1. Étale vs. de Rham Cohomology. Let X/K be a smooth proper scheme. Then there exists a

functorial isomorphism:

Hi
ét(X)⊗Qp

BdR
∼= Hi

dR(X)⊗K BdR.

2. Good Reduction. Let X/OK be a smooth proper scheme with good reduction. Then there exists a

functorial isomorphism:

Hi
ét(X)⊗Qp

Bcris
∼= Hi

cris(X)⊗K0 Bcris.

3. Semistable Reduction. Let X/OK be a proper scheme with semistable reduction. Then there

exists a functorial isomorphism:

Hi
ét(X)⊗Qp

Bst
∼= Hi

log-cris(X)⊗K0 Bst.

On the need of a Integral p-adic Version.

Fontaine’s framework is fundamentally rational, operating overQp and thereby annihilating all integral

information contained in torsion submodules and the structure of Zp-lattices. The integral p-adic

Hodge theory of Bhatt and Scholze resolves this. Their prismatic cohomology, a unifying theory derived

from the object Ainf , works integrally from the outset.

Ainf-cohomology

Let X/OK be a smooth proper scheme. Then there exists a perfect complex RΓA(X) ofAinf-modules,

functorial in X , and equippedwith a ϕ-semi-linear endomorphism. The associated cohomology groups

Hi
A(X) := Hi(RΓA(X))

satisfy the following properties:

1. Finiteness: Hi
A(X) is a finitely presented Ainf-module endowed with a Frobenius semi-linear

endomorphism ϕ.

2. Étale Comparison: There is an isomorphism

Hi
A(X)⊗Ainf

W (C[) ∼= Hi
ét(X,Zp)⊗Zp

W (C[),

whence

Hi
ét(X,Zp) ∼=

(
Hi

A(X)⊗Ainf
W (C[)

)ϕ=1
.

3. Crystalline Comparison: There exists a short exact sequence

0→ Hi
A(X)⊗Ainf

W (κ)→ Hi
crys(Xκ/W (κ))→ TorAinf

1 (Hi+1
A (X), W (κ))→ 0.

4. de Rham Comparison: There exists a short exact sequence

0→ Hi
A(X)⊗Ainf

OK → Hi
dR

(X)→ Hi+1
A (X)[ξ]→ 0.
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